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LEITER TO THE EDITOR 

Integrable deformations of the Heisenberg model: 
prolongation structure technique 

De-gang Zhangt, Guo-xiang Yang and Jie Liut 
T Center of Theoretical Physics, CCAST (World Laboratory), Beijing and Institute of Solid 
State Physics, Sichuan Normal University, Chengdu 610066, People's Republic of China 
$ Department of Physics, Southwest Nationalities Institute, Chengdu 610041, People's 
Republic of China 

Received 7 December 1990 

Abstract. The integrable deformations of the one-dimensional ClaSsical Heirenberg model 
have been investigated by use of the prolongation theory of Wahlquist and Estabrook. The 
SO(3) invariant deformation and a higher-order isotropic deformation with nonlinearity 

equations are presented. Finally it is pointed out that these spin equations are equivalent 
to the generalized nonlinear Schriidinger equations. 

iii the dif3imatioii pziaiiieteii 2ii ohained. E,e Lax prin cor ihese iniegiable spin 

In reference [I], Mikhailov and Shabat investigated the first-order integrable deforma- 
tions of the one-dimensional classical Heisenberg model by use of the equivalence 
between the Heisenberg spin equations and the integrable nonlinear Schrodinger 
equations. It is well known that all nonlinear evolution equations which are completely 
integrable exhibit non-Abelian prolongation structure [2,3]. Recently, we also dis- 
cussed the integrable deformations of the Heisenberg model hy employing the prolonga- 
tion structure technique [4]. The anisotropic deformations which are identical to those 
in reference [I]  and the arbitrary N-order isotropic deformations were obtained. In 
this letter we shall construct the other integrable deformations using the prolongation 
theory. 

First, we consider the following integrable spin equation 

st = s,,+E(s, sx) s . s = l  s . E = O  (1) 

where the deformation vector E = ( E , ,  E, ,  €J is to be determined. Taking s , , ~  and 
sa,xx ( a =  1,2,3)  as new independent variables. Then, (1) can be represented by the 
following set of 2-forms 

a ,=dsAdt-s t , ,  d x n d t  

aOt3 = ds,, A d t  - sa,xx dx A dt 

a.+6=ds. ~ d x f ~ . ~ ~ ~ d s ~ . , ~ d t + € .  d x ~  df  (2) 

aotP = ds,, A dx + Eob& ds,, A d f  + 
a , ,=s .  ds.,, A df+3sa,,dsa,, A dt=O 

ds,, A dt + Ea,x dx A dt 
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where is the totally antisymmetric tensor and the summation convention for 
repeated indices has been used. It is worthwhile noting that 2-forms aai9 come from 
differentiating (1) with respect t o  the space variable x. It is not difficult to prove that 
the ideal, I, of 2-forms (2) is closed, i.e. da; =f, A a,; f, is some set of I-forms. To 
obtain prolongation structure [2], we introduce a set of 1-forms 

wk = dyk + F k  dx + Gk d t  k =  1,2, .  . . , n (3) 

where yk  are the prolongation variables, F k  and Gk are functions of so, so,,, sa,xx and 
y k .  Demanding the extended ideal f = { a , ,  ok]  to he closed (i.e. dok = g F a i + n :  A o,, 
gf and nf are 0-forms and 1-forms, respectively) leads to the integrability conditions 
for (1) 

Ftb,-\ = 0 

( 4 )  
k Gte,--= 

s . , , G ~ ~ + s , , G , . ~ + e . b ~ ~ , , ( s b F Z + s , , , F ~ ~ , ~ ) -  E . F ~ ~ - E a , x F ~ o . ~ - [ F ,  GIk = o  
where [F, GIk =FIG$, - G'F:!.  Because the anisotropic integrable deformations were 
obtained [a!, we only give here the isotropic deformation. Equations ( 4 )  have the 
solutions 

F =2aA2s,X, +2aAs,,X, ( 5 0 )  

G = 2aA~,,,s.s~,,X, + 2nh2EabJ.sb,,X~ 

k 

+ ( 2  a@ - 4 a  'A i 2 a  'As, . s,)s,,,X. 

+ (2a'A2s,. S, +2apAZ-4a'A4)s.X. (56) 

( 5 c )  E = as, . s,s, + psx 

where a and p are the deformation constants, A is an arbitrary constant as in the 
spectral parameter below, X .  depend only on the prolongation variables y k  and 
constitute the 4 2 )  Lie algebra, i.e. [X . ,  X b ]  = E . ~ ~ X ~ .  

The Lax pair for ( I )  is 

I 
U = F I x m = - - u a = - i a A 2 S - i a A S x  

"=GI, = -; u,,=-fnA[S, S x x ] - f a h 2 [ S , S x 1  

2 

(6)  
1 

-i(nph -2a2A3+ a'AS:)S, -i(apA2 -2a2h4+ azA2S:)S 

where ua are Pauli matrices and S = s p a .  The deformation ( S c )  is nothing but the 
SO(3) invariant integrable deformation of the Heisenberg model [l]. 

Secondly, we consider the higher-order integrable spin equattion 

s, = s X s,, + E(  s, s,, s,) + as,, + 3 a s x .  s,,s 

s . s = l  s . E = O  
(7) 
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where a is the deformation parameter. Repeating the same procedures above. we 
obtain the integrability conditions for (7) 

where A and B, which contain the spectral parameter A, are constants, C, D, H, I, I 
and K are functions of sa, sa,xx and A, e, 7, U and 8 are functions of sa, and s ~ , ~ . ~ .  
Substituting (9) into (S), we finally obtain 

q = e = o  C = aB2 D = B +  aAB + Bv H = a A  

I = A + a ~ 2 +  A~ 

K = 3aB3sx. s,, + ABu, - aAh2sx. S, - A 2 -  aA'- A'V +3aBs , .  S, + At 

(10) 
J = & - A B  - aA2h - ABu - ~ B ' s , .  S, 

We note that the deformation (9c) is nonlinear in terms of the deformation 
parameters a and p. When P = 0, (7) becomes that equation discussed by Papanicolaou 
[ 5 ] ;  when p = ~a and a = 0, (7) becomes the SO(3) invariant deformed Heisenberg 
spin equation (1). 

Finally, we show that (7) is equivalent to a generalized nonlinear Schrodinget 
equation which is also completely integrable. 

Following Lakshmanan [6] ,  we map (7) on a moving helical space curve described 
by the orthogonal trihedral e, which satisfies the Serret-Frenet equations 

e , ,  = ke, e, ,= -ke , f re ,  e,, = - re2 (11) 

where the curvature is given by k = ( e l ,  * and the torsion is given by 7 = 
K 2 e ,  . (ejx x 

Taking e, = s, then, (7) can be rewritten as 

P 2  - k r  f nk, - a k r 2  + f a k 3  -& k3 -- kS - p k 3 r  
3a 6a 
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Using (11) and (12) and the constraints e,,, = e.,,, we obtain the following nonlinear 
evolution equations for the curvature k and the torsion r of the space curve 

P 5 P 2  k, = -2 k,r - kr, i $ak2k, - - k'k, - - ~~k~ - 4Pk2k,r - Ok'r, + ak,,, 
a 6a 

.- 3akxr2 - 3akrrx 

r, = - r2+fk2+$k4+$ak2r--  P k 2 r - -  P 2  k 4 r - p k 2 r 2 + 3 ~ k - ' k ~ ~ r - a ~ '  
3a 6a 

+ k-'k, +2pk: +/3kk,, + 3ak-I  kxrx + ar, . 

( 
>, 

Making the complex transformation [6] we have 
1 

+(x, 0 = k(x, f) ev[ i  4.v, f )  dy]. 

Equations ( 1 3 )  then become the generalized nonlinear Schrodinger equation 

i+, + + x x + ~ ~ + ~ 2 + + a ~ ~ + ~ 4 +  + & P ~ ( I + I ~ + ) . ~  

+P(I+I~+A + ~ P ( I + I ~ + L  -W+12+x -ia+xxx = 0 

which is equivalent to (7). When p = 0, the equivalence between the Papanicolaou 
equation and the Hirota equation is obtained [ 5 ] .  When p = &(I and a = 0,  the 
equivalence between the SO(3) invariant deformed Heisenberg spin equation and that 

Schrodinger equation is obtained [ 7 ] .  
which is a mir!l?rP efthe nen!inear Schr6dinger eqnati"!? End !he derivative non!inear 

The Lax pair for (15) is 

U=-(lfA')(l  3ia ')+;A( o *  ) 
48 0 -1 +* 0 

Y = A ( I  o ) + f A ( B ,  O B  o )  
0 -1 

where 

In conclusion, we have investigated the integrable deformations of the Heisenberg 
model by use of prolongation theory. It is interesting that the deformation (7) is 
nonlinear in terms of the deformation parameters a and P. From ( 8 ) ,  we have not 
obtained the higher-order anisotropic integrable deformations of the Heisenberg model 
[8,91. 
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