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Abstract. The integrable deformations of the one-dimensional classical Heisenberg model
have been investigated by use of the prolongation theory of Wahlquist and Estabrook. The
SO(3) invariant deformation and a higher—order isotropic deformation with nonlinearity

0 the deformation parameters are obtained. The Lax paims for these integrable spin
equations are presented. Finally it is pointed out that these spin equations are equivalent
to the generalized nonlinear Schrodinger equations.

In reference [1], Mikhailov and Shabat investigated the first-order integrable deforma-
tions of the one-dimensional classical Heisenberg model by use of the equivalence
between the Heisenberg spin equations and the integrable nonlinear Schrodinger
equations. It is well known that all nonlinear evolution equations which are completely
integrable exhibit non-Abelian prolongation structure [2, 3]. Recently, we also dis-
cussed the integrable deformations of the Heisenberg model by employing the prolonga-
tion structure technique [4]. The anisotropic deformations which are identical to those
in reference [1] and the arbitrary N-order isotropic deformations were obtained. In
this letter we shall construct the other integrable deformations using the prolongation

theory.
First, we consider the following integrable spin equation

s, =85+ E(s5,) s+s=1 s-E=0 (1)

where the deformation vector E =(E,, E;, E;) is to be determined. Taking s, . and
5. (@=1,2,3) as new independent variables. Then, (1) can be represented by the
following set of 2-forms

a,=dsadt—s dxnadt

ez =ds,  adt—s, . dxadt

@ore=ds; Adx+ oSy ds., nde+ E, dxadt . (2)
o, 9= dS,  Adx+ e Sy AScxx A B+ 4y Sp , dS o AdE+ E, dx adt

apy=5,ds,  adt+3s,, ds,.ade=0
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where e, is the totally antisymmetric tensor and the summation convention for
repeated indices has been used. It is worthwhile noting that 2-forms «,.., come from
differentiating (1) with respect to the space variable x. It is not difficult to prove that
the ideal, I, of 2-forms (2) is closed, i.e. da; =f; A a;; f;; is some set of 1-forms. To
obtain prolongation structure [2], we introduce a set of 1-forms

wy =dy*+ F*dx+ G* dt k=1,2,...,n (3)

where y* are the prolongation variables, F * and G* are functions of s,, Saxs Saxy And
y*. Demanding the extended ideal I ={a;, w,} to be closed (i.e. dw, = gFa, +nla w,,
g¥ and n} are 0-forms and 1-forms, respectively) leads to the integrability conditions
for (1)

F* =0

Sa,xx

Gk

Fa,xv

Sa.xGi‘,, + sa,xxG.’:(,,__‘ + Eabcsa.xx(sti. + sb.xF:f‘.'t) - EﬂF:, - Ea,xpl.:ﬂ_‘. - [F; G]k = 0

= sachf,.r, S:: (4)

where [F, G]* = F'G¥ — G'F}'. Because the anisotropic integrable deformations were
obtained [4], we only give here the isotropic defermation. Equations (4) have the
solutions

F=2aAr%,X,+2akrs, X, (5a)
G = 20ehe 8,5 X+ 2a2* EabcSaSpNe

+(2aBr — 40’ + 20 s, * 5,)5, . X,

+(2a%A%s, - 5.+ 2aBA —4e’A )5, X, (58)
E = as, * 5,5, 1 BS, (5¢)

where @ and B are the deformation constants, A is an arbitrary constant as in the
spectral parameter below, X, depend only on the prolongation variables y* and
constitute the su(2) Lie algebra, i.e. [X,, X,]= €55.X..

The Lax pair for (1) is

U=F

i .
x = —"2" g, =—iaAk’S—iaArS,

V=Gly, = —gaa = —1aA[S, S, ]-1ar’(S, 5] (6)

—i(aBA —2a?A>+a’A82)S, —i(aBr’—2a%A% + @*A?5%)S

where &, are Pauli matrices and § = 5,0,. The deformation (5¢) is nothing but the
SO(3) invariant integrable deformation of the Heisenberg mode! [1].
Secondly, we consider the higher-order integrable spin equattion

5 =85X 8, + E(S, 8, Sxx) T @S T35, 5,8

(7)
s°5=1 s-E=0
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where « is the deformation parameter. Repeating the same procedures above, we
obtain the integrability conditions for (7)

k _ ok —
Sauw 0 Spexx 0
G* =aFf
Fa,xxx Sa,x
k k k k k
sa,sz,, + Sa,.t’XGSa‘_( + Sa,xxxG Saxn + Eatn:“s‘a,.\:)c(s.!:v}'?sc + Sb,sz(._x) (8)

+ EapeSa xS Fe,, = @axF s, ~ EoF% = EoF5 =~ 308, " SuxsaFs,
=358, * SeuSaF s, — 3058, ¢ Seul(8,FY + 5, FX )—[F, G]* =0,
We assume that (8) have the following solutions
F=As,X,+Bs, X,
G = afs, xoXa + CeapeSa,xSoxxXe + DEapeSaSh o X, (9b)
+ Hs, . X, + leqy 5.8, X+ Js, X, + Ks, X,
E=¢(s,+nsxs. +vsXs,+0s, +0s. 55 (9¢)

where A and B, which contain the spectral parameter A, are constants, C, D, H, I, J
and K are functions of s,, 5, and A, & 7, v and 8 are functions of s,, 5., and s, ..
Substituting (9) into (8), we finally obtain

2
A=—"§"ng(A) fzgasx'sx_aﬁsx'sx_,ﬁ-(sz'sx)z'i_y V:Bs_\"sx
23 ja oo ’
n=8=0 C=aB® D=B+aAB+ Bv H=aA (10)
1
I=A+aA’+Av J=Bt—AB—aA’B-ABv—aB’s, s,

K =3aB’s, - 5. +ABv,—aAB%s -5, — A>~aA>—~ A’v +3aBs, + 5, + Aé

We note that the deformation (9¢) is nonlinear in terms of the deformation
parameters « and 8. When 8 =0, (7) becomes that equation discussed by Papanicolaou
[5); when B8 =¢o and o =0, (7) becomes the SO(3) invariant deformed Heisenberg
spin equation (1).

Finally, we show that (7) is equivalent to a generalized nonlinear Schrédinger
equation which is also completely integrable.

Following Lakshmanan [6], we map (7) on a moving helical space curve described
by the orthogonal trihedral e, which satisfies the Serret-Frenet equations

e, =ke, e, =—ke, + Te, £, = T8, (11)

where the curvature is given by k=(e;.*e,,)"/? and the torsion is given by 7=
k_zel * (elx X elxx)-
Taking e, =s, then, {7) can be rewritten as

2
B B )
e =| ~kr+ak,, — akr* +iok’—— k'~ k*— Bk'r Je,
Ja ba
2
+{k+2ak. 7 +akr +Bk'k. e, (12)
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Using (11} and (12) and the constraints .. = €,,,, we obtain the following nonlinear
evolution equations for the curvature k and the torsion 7 of the space curve
5
.,_E k2 k. — B
o 6a

k, = =2k, 7 — k7, +30ak’k, k*k,— 4Bk k T —BKk'r. + ak, .,

—3ak. " —3akrr,

et atgkta i B B paa i (13

'r,=(-'r +3k”+3Bk* +3ak r—3—;k T"EJ" r— Bk +3ak ™ ket —ar?

+ k7' k, +28k; + pkk, + 3ok k1, + mxx) .

Making the compiex transformation [6] we have

(x, 1) = k(x, t)exp[i Jr_; 7(p, 1) dy]. (14)
Equations {(13) then become the generalized nonlinear Schrodinger equation
iy, + o H 2l +3 B! ¢+ — Bl

+BAWPYc 5 BAYF), ~Hald g, ~ e =0 (15)

which is equivalent to (7). When 8 =0, the equivalence between the Papanicolacu
equation and the Hirota equation is obtained [5]. When S ==ca and a =0, the
equivalence between the SO(3) invariant deformed Heisenberg spin equation and that

which i a mixture of the nonlinear Qr-hrnrhncnr equation and the derivative nonlinear
....... nger equation nonin

Schrédinger equation is obtained [7].
The Lax pair for (15) is

_3ie »f1 O l(0 df)
-.43(1“)(0 _1)+2,\ s 0

(16)
i 0\ , /{0 B
V_A(o —1)+5’\(B* 0)
where
N . AZ
= I aty )~ Bl = A~ (AT
o2 A 4
_7id (1+A2)2_4r1u (1+A2)3
83° 168°
B8 J4] (17)

2 3 2
B=,a¢u—£|w|2¢+iﬁ|¢lzwx—%!wi“wiwﬁf—uﬂz)%
. a ¥

30' 2
1+ A% —— (1+ A%} —3aA ||
432( Y 2B( W —20A | ¢

In conclusion, we have investigated the integrable deformations of the Heisenberg
model by use of prolongation theory. It is interesting that the deformation (7) is
nonlinear in terms of the deformation parameters a and 8. From (8), we have not
obtained the higher-order anisotropic integrable deformations of the Heisenberg model
8,91
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